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Black holes are extraordinary massive objects which can be described classically by general rela-
tivity, and topological insulators are new orders of matter that could be use to built a topological
quantum computer. They seem to be different objects, but in this paper, we claim that the black
hole can be considered as kind of topological insulator. For BTZ black hole in three dimensional
AdS3 spacetime we give two evidences to support this claim: the first evidence comes from the black
hole “membrane paradigm”, which says that the horizon of black hole behaves like an electrical con-
ductor. On the other hand, the vacuum can be considered as an insulator. The second evidence
comes from the fact that the horizon of BTZ black hole can support two chiral massless scalar field
with opposite chirality. Those are two key properties of 2D topological insulator. We also consider
the coupling with the electromagnetic field to show that the boundary modes can conduct the elec-
tricity. For higher dimensional black hole the first evidence is still valid. So we conjecture that the
higher dimensional black hole can also be considered as higher dimensional topological insulators.
This conjecture will have far-reaching influences on our understanding of quantum black hole and
the nature of gravity.
∗ shuijing@mail.bnu.edu.cn
2I. INTRODUCTION
Black holes are massive objects. They have so strong gravitational field that even the light cannot escape. Their
existence in universe is supported by many observational evidences, the most direct one comes from the gravitational
waves [1]. Even through the black holes are solutions of classical general relativity, the quantum effect cannot be
neglected near the horizon. Indeed the seminal work of Bekenstein [2] and Hawking [3] show that the black holes are
actually prefect black body which has temperature and entropy. Up to now, we still don’t have a complete quantum
theory of black hole.
The black hole “membrane paradigm” [4, 5] says that to an outside observer, the horizon behaves like a viscous
fluid. Besides, it is also electrical conductive. On the other hand, the vacuum inside the horizon can be considered as
insulator. This property is similar to the topological insulator.
Topological insulators [6, 7] are new orders of matter. Unlike the usual orders which are associated with broken
symmetry, this new order has topological origin, and can be described by topological field theory [8]. Roughly
speaking, a topological insulator is a bulk insulator but has conducting boundary states. They exist both in two
[9–11] and three dimensions [12–14]. It was show [15] that BF theory is the effective theory for topological insulators
in 2D and 3D just as the Chern-Simons theory for the quantum Hall effect [16, 17]. This BF theory can describe key
properties of topological insulators, including the elementary excitation and their statics, the edge theory and so on.
In this paper, we show that the BTZ black hole can be considered as two dimensional topological insulator, or
quantum spin Hall state. The paper is organized as follows. In section II, the BTZ black hole in AdS3 is analyzed.
We give two evidences to support the claim that BTZ black hole can be considered as topological insulators. In
section III, the coupling with the electromagnetic field is considered to show that the boundary modes can indeed
conduct the electricity.In section IV, we conjecture that higher dimensional black holes also can be considered as
higher dimensional topological insulators. Section V is the conclusion.
II. BTZ BLACK HOLE
In three dimensional spacetime, thing becomes easier and more clear. When there exist a negative cosmological
constant Λ < 0, the black hole solution–which is called BTZ black hole [18]– can exist. Due to the membrane paradigm
[19], the conductivity of the horizon is
σ =
1
g2
, (1)
where g is the gauge coupling constant. Thus the horizon can be considered as metallic and the vacuum as insulator.
This is just the salient property of 2D topological insulator.
Another property of topological insulator is that they have two chiral bosonic modes flowing in opposite direction.
Those boundary modes appear because the boundary break the gauge symmetry. Those boundary states are also
appeared in gravity theory, which was studied long time ago [20, 21]. In Ref.[22], it was shown that the horizon of BTZ
black hole can support a pair of chiral massless scalar field with opposite chirality which is the same as topological
insulator.
In this section we give another derivation for this result which is familiar for condensed matter physicist [15, 16].
3One can get this result in three steps: Firstly, as shown in Ref.[23, 24], (2 + 1)−dimensional general relativity with
Λ = − 1L2 can be cast into SO(2, 1)× SO(2, 1) Chern-Simons theory. One can define two SO(2, 1) connection 1-form
A(±)a = ωa ± 1
L
ea, (2)
where ea and ωa are the co-triad and spin connection 1-form respectively. Then up to boundary term, the first order
action of gravity can be rewritten as
IGR =
1
8πG
∫
ea ∧ (dωa + 1
2
ǫabcω
b ∧ ωc)− 1
6L2
ǫabce
a ∧ eb ∧ ec = ICS [A(+)]− ICS [A(−)], (3)
where A(±) = A(±)aTa are SO(2, 1) gauge potential, and the Chern-Simons action is
ICS =
k
4π
∫
Tr{A ∧ dA+ 2
3
A ∧ A ∧A}, (4)
with
k =
L
4G
. (5)
One can get the CS equation
F± = dA(±) +A(±) ∧ A(±) = 0. (6)
The equation implies that the potential A can be locally written as
A = g−1dg. (7)
Secondly, it is well known that on a manifold with boundary, the Chern-Simons theory reduces to a chiral Wess-
Zumino-Novikov-Witten(WZNW) theory on the boundary [25]. On a manifold with the form M = R × Σ, the
Chern-simons action can be written canonically as
ICS = − k
4π
∫
dx0
∫
Σ
εijTr(AiA˙j −A0Fij). (8)
Choose the gauge A0 = 0 gives the constrain
Fij = 0. (9)
This constrain can be solved by Ai = g
−1∂ig. Submit this solution into the action (8) one can get
ICS =
k
4π
∫
∂M
Tr(g−1∂0gg−1∂1g) +
k
12π
∫
M
Tr(g−1dg)3, (10)
which is just the chiral WZNW action. This is valid for arbitrary boundary.
The final step is to consider the horizon as boundary. To study the field theory on the horizon of BTZ black hole,
it is more appropriate to adopt the advanced Eddington coordinate. The metric of BTZ black hole is
ds2 = −N2dv2 + 2dvdr + r2(dϕ+Nϕdv)2. (11)
Choose the following co-triads
la = −1
2
N2dv + dr, na = −dv, ma = rNϕdv + rdϕ, (12)
4which gives the following connection:
A−(±) = −(Nϕ ∓ 1
L
)dr − N
2
2
d(ϕ± v
L
), A+(±) = −d(ϕ± v
L
), A2(±) = r(Nϕ ± 1
L
)d(ϕ± v
L
). (13)
Define new coordinates,
u = ϕ− v
L
, u˜ = ϕ+
v
L
. (14)
A crucial property of the connection is that, on the whole manifold, one has
A(+)u ≡ 0, A(−)u˜ ≡ 0. (15)
Let’s consider the right sector A(+). In following we omit the superscript (+). Choose u as time coordinate and
i = r, u˜ as the other coordinates. For a general SO(2, 1) group element g(u, i), using the Gauss decomposition, it can
be written as
g =

 1 1√2x1
0 1



 eΨ1/2 0
0 e−Ψ1/2



 1 0
− 1√
2
y1 1

 . (16)
Within this parameter, the WZNW action (10) is
kIWZNW =
k
4π
∫
∂M
dudu˜
1
2
(∂uΨ∂u˜Ψ− eΨ(∂ux∂u˜y + ∂uy∂u˜x)). (17)
Let’s solve the constraint equation (9) near the horizon. The property of horizon is encode in N2 = 0. Near the
horizon r = r+, a small parameter ǫ = r − r+ can be defined, and N2 ≈ 2κǫ, so
A−u˜ ≈ −κǫ. (18)
On the other hand,
A−u˜ = e
Ψ1∂u˜x1/
√
2, (19)
and Ψ1 is finite at horizon, so one have
x1 ∼ ǫ, (20)
which vanish on the horizon. So the final action on the horizon is
kIWZNW =
k
4π
∫
∂M
dudu˜
1
2
∂uΨ1∂u˜Ψ1 =
k
4πL
∫
∂M
dϕdv[(∂vΨ1)
2 − L2(∂ϕΨ1)2], (21)
with Ψ1 depending only on u˜ = ϕ+
v
L . So it is an action for chiral massless scalar field Ψ1.
The similar results can be get for the left sector A(−), which gives another chiral massless scalar field Ψ2 depending
only on u = ϕ− vL . Thus, on the horizon there exist two chiral massless scalar field with opposite chirality, the same
as the 2D topological insulator [15].
Combined with the “membrane paradigm”, we can confirm that BTZ black hole can be considered as 2D topological
insulator.
5III. COUPLED WITH ELECTROMAGNETIC FIELD
To interpret the physical meaning of field Ψ1, we couple the whole system to background electromagnetic(EM) field
aµ. We mainly follow the method in Ref.[26]. To keep the U(1) gauge symmetry of EM field, the coupling term is
chosen to be [27]
Sj =
∫
d3xǫµνρA2µ∂νaρ. (22)
We will set ar = 0 and au, au˜ both are independent of r direction. From Eq.(16) it can be shown that A
2
i =
(∂Ψ1∂r + e
Ψ1y1
∂x1
∂r ,
∂Ψ1
∂u˜ + e
Ψ1y1
∂x1
∂u˜ ), and A
2
u = 0. Insert into coupling term Eq.(22) one can get
Sj =
∫
d3xA2r(∂uau˜ − ∂u˜au) =
∫
d3x(
∂Ψ1
∂r
+ eΨ1y1
∂x1
∂r
)(∂uau˜ − ∂u˜au)
=
∫
r=r+
d2x(Ψ1 + e
Ψ1y1x1)(∂uau˜ − ∂u˜au) +
∫
d3x[x1∂r(e
Ψ1y1)(∂uau˜ − ∂u˜au)].
(23)
Since we want to consider the fields on the boundary, the last bulk term is dropped out. And on the horizon, x1 = 0,
so the left boundary term is
S′j =
∫
r=r+
d2xΨ1(∂uau˜ − ∂u˜au) = −
∫
r=r+
d2xau∂u˜Ψ1, (24)
which we use the part integral and the condition ∂uΨ1 = 0.
Now define new field
ρ(u˜) =
∂Ψ1
∂u˜
(25)
and switch back to origin coordinate (v, ϕ), one can get
S′j =
1
2
∫
r=r+
d2x(avLρ− aϕρ). (26)
Now the physical meaning of ρ field is clear, that it represent the charge density and current along the boundary.
Compared with the fields in quantum Hall effect [26], the ρ field is the same, and the Ψ1 is similar to φ in quantum
Hall effect. But a crucial difference is that φ is compact but Ψ1 is not, due to the non-compactness of SO(1, 1).
IV. HIGHER DIMENSIONAL BLACK HOLES
In higher dimensional spacetime (D ≥ 4), general relativity can’t be reformulated as CS theory, so we can’t follow
the process in the above section. But the membrane paradigm is still valid, thus the horizon can conduct electrical
current. For example, in four dimension, the surface electrical resistivity is
ρ = 4πα~/e2 = 2αRH , (27)
where α is the finer structure constant and RH is the Hall resistivity. And the vacuum is also an insulator, so this
suggest that higher dimensional black holes can also be considered as topological insulators.
In higher dimension, the general relativity can be reformulated as constraint BF theory [28, 29]. It was shown that
there are gauge degrees of freedom on the boundary [21]. But it is still unclear what is the effective theory to describe
those degrees of freedom. On the other hand, the effective theory for topological insulators is abelian BF theory,
which can give the correct boundary theory for topological insulators [15].
6V. CONCLUSION
In this paper, we claim that black holes can be considered as topological insulators. For BTZ black hole in AdS3
spacetime, we give two evidences to support this claim. The first comes from the black hole membrane paradigm,
and the second comes form the fact that on the horizon there exist two chiral massless scalar field with opposite
chirality. We also consider the coupling with electromagnetic field to show that the boundary modes can conduct the
electricity. The first evidence is also valid for higher dimensional black holes. The analogy between black hole horizon
and quantum Hall states was investigated in Ref.[30], but in our opinion, it is more appropriate to consider black hole
as topological insulator.
If this claim is true for all kind of black holes, it will have far-reaching influence on our understanding of quantum
black hole and the nature of gravity. Since we have well understanding on the topological insulator, including the
band structure, the lattice models, the modified Dirac equation description and so on [31]. Those properties can be
translated to the quantum black hole. Also since the topological insulator is a new phase of matter, the formation of
black hole can be considered as a topological phase transition without symmetry breaking.
General relativity can be formulated as constraint BF theory, and the effective theory of 2D and 3D topological
insulators is also BF theory. This suggest that maybe the gravity is also an effective theory of some more fundamental
objects. Thus gravity is an “emergent” phenomenon [32–35].
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